As it is well known, the 0 − 0 component of the Schwarzschild space can be obtained by the requirement that the geodesic of slowly moving particles match the Newtonian equation. Given this result, we show here that the remaining components can be obtained by requiring that the inside of a Newtonian ball of dust matched at a free falling radius with the external space determines that space to be Schwarzschild, if no pathologies exist. Also we are able to determine that the constant of integration that appears in the Newtonian Cosmology, coincides with the spatial curvature of the FLRW metric. These results are of interest at least in two respects, one from the point of view of its pedagogical value of teaching General Relativity without in fact using Einstein's equation and second, the fact that some results attributed to General Relativity can be obtained without using General Relativity indicates that these results are more general than the particular dynamics specified by General Relativity.
I. INTRODUCTION
The task of teaching General Relativity (GR) to undergraduates is not simple because of the complexity from the mathematical point of view of the mathematical background necessary to develop Einstein's Equation (EE). This apparently prevents us from a simple derivation of the Schwarzschild metric. Although, there have been some attempts of deriving the Schwarzschild metric invoking elementary considerations, like that explained in the book by Sommerfeld 1 and attributed to Lenz where the fact that g 00 = −g −1 rr is interpreted as a similar effect to the time dilatation and the space contraction. Such attempts have been criticized and the general consensus is that there cannot have a derivation of the Schwarzschild metric along these lines 2 . While a reasonable elementary justification for the g 00 component of the Schwarzschild metric can be based on the Newtonian limit. An interesting heuristic approach not a derivation however to obtain EE results has been discussed by A. Rabinowitz 3 . Another interesting heuristic approach to motivate (but not derive) the Schwarzschild metric include that of Visser 4 , which uses the intuition developed from analog gravity
It is interesting to see how far one can go in the derivation of GR results without using in fact the EE. This is of interest at least in two respects, one from the point of view of its pedagogical value of teaching General Relativity without in fact using Einstein's equation and second, the fact that some results attributed to General Relativity can be obtained without using General Relativity indicates that these results are more general than the particular dynamics specified by General Relativity. Instead of pushing ideas along the lines of Sommerfeld 1 , we investigate another direction, based on the fact that in cosmology, it is indeed possible to obtain the Friedmann equations for the expansion factor R(t). The cosmological solution may cut, thus representing a "ball " of matter, outside this spherically symmetric ball we will assume there is a sperically symetric static space time. As it is well know, any static metric can be brought to the "standard" form, we will be labelling coordinates of the outside space using bars, so we definet andr for the time and radical coordinates out side .
From the requirement that Newton's law for gravity holds in some limit, we obtain an idea of what g 00 = −B should be: indeed, this metric component can be obtained by the requirement that the geodesic of slowly moving particles match the Newtonian equation.
For grr = A(r) is harder.
In this paper we develop an approach which will go beyond the simple derivation of the 0 − 0 component of the Schwarzschild metric and give a derivation to obtain the grr component under some assumptions that we will specify and avoid previous criticism 2 . The procedure consists of considering a free falling dust ball. As it is known, Newtonian cosmology 5 can be developed and a homogeneous dust system can be studied and by applying the Newton's laws
we can obtain that each dust particle expands or contracts according to a single expansion factor R, obeying
k being an integration constant.
So, the radius for a given particle is proportional to R(t), the density ρ ∼ ρ 0 R 3 and if we require R(0) = 1,Ṙ(0) = 0, ρ = ρ(0) at t = 0, we get
In the present work we will not require or derive or motivate a geometric interpretation of the constant of integration k. In contrast, a follow up section will see that, even with out using EE, k can be given the interpretation of spatial curvature in FRW space. Then matching to an external space can be used to determine the outside space by demanding continuity in some coordinate system from the inside to the outside. Of course, the face one can give a geometrical interpretation to the constant k without using EE is by itself interesting. Here we only will assume that the metric inside the ball is of the form
and that the dust particles are co-moving that is dx i = 0 which are geodesics of the space time 3 . Furthermore, just from homogeneity and isotropy we can determine that
where the radial and time coordinates are r and t respectively. Notice that apriori we do not know if k and κ are related. A very basic and elementary relation that we obtain when matching the space time (1) with (4 -5) , is obtained when considering the length of a circle of an equatorial circle (sinθ = 1)as φ runs from 0 to 2π. The inside observer (in the dust ball), just below the surface of matching will measure a length 2πrR, while The outside observer (in the static space), just above the surface of matching will measure a length 2πr, since these two measurements refer to the same physical length, in order for the complete geometry to be well defined, we obtainr
II. NEWTONIAN COSMOLOGY
Following the Cosmological Principle, in a homogeneous and isotropic universe a spherical region of radius R can be identified around an arbitrary point, whose matter density ρ within is homogeneous. The surrounding matter cannot have any influence on its dynamics, as this would violate isotropy. By this general assumptions, the size of the sphere is arbitrary. The equation of motion for a test mass m located on the boundary of such a sphere shall be described in terms of a homogeneous positive parameter R(t), where the coordinate of each particle expands according to a(t) = constant · R(t), where the constant depends on the particular particle therefore such equation reads
which implies a similar equation for the universal expansion factor R(t)
Basically, this corresponds to Friedmann's second equation without a cosmological constant Λ and zero pressure. As the linear dimensions scale by R(t), all co-moving volumes should scale by R(t) 3 , that is a 1/R 3 dependency for the density, which dilutes the matter as the sphere expands.
For deriving a second equation, we first consider mass conservation within comoving
where the internal mass M inside the sphere should be constant . By performing the derivative and simplifying one R, the equation gets
The second term can be eliminated by (8) and after restoring derivatives the equation
is obtained. Integration on both sides giveṡ
and rewriting the arbitrary integration constantk in a way to match the unitsk −→ kc 2 yields finally an equation, which corresponds to Friedmann's first equation in structure:
It is interesting to point out the physical meaning of the constant k. Indeed, it is very much like a conserved energy of a mechanical system, and indeed the sign of k determines whether R will expand to infinity, or expand, achieve a maximum and then re collapse. Indeed, a simple analysis shows that for k > 0, we have a bound system, a bound system that has an associated negative energy, like wise k < 0 represents a case where the expansion factor reaches infinity and is the analogous of a mechanical system with positive energy. Finally, a case where R barely makes it to infinity is k = 0, and corresponds to a system with zero energy, analogous to the very similar problem of the critical escape trajectory that just makes in order to escape the earth. A separate issue is a possible geometrical interpretation of k, in particular a a possible relation between k and the κ that appears in (5), this we will achieve, without assuming Einstein's equations. The FLRW and the appearance of R(t)
in (5) can be justified on purely symmetry and geometrical grounds, independent of any specific dynamics, General Relativity or otherwise. As we pointed out, although we will not invoke Einstein's equations, we will make use of the much simpler geodesic equation. As we mentioned, it is a rather simple matter to show that "co-moving observers", of the metric (4), (5) , that is those trajectories where the spatial coordinates in (4),(5) are constants are indeed geodesics. Physical distances between these "co-moving observers" scale as R, so the R in the newtonian cosmology coincides with the R that appears in (5), the relation between k and κ , this will require a bit more elaboration (without using EE). We can now describe cosmic large scale dynamics by a single expansion parameter R(t), as long the cosmic principle holds, and the predictions corresponds to GR. Note that from here on we will be using c = 1.
III. FINDING g 00
The g 00 element of the metric is the first thing that students start form when learning GR, which a student might find hard to grasp. This is most likely the result of still not willing to be parted from Newtonian ideas, while accepting the ideas of special relativity. In this section, in order not to make the notation to heavy, we will for the moment denote the coordinates associated with the static space time simply t, r, θ and φ. In the next section,
we go back to the bar notation when it refers to an external space and un barred coordinates for the internal cosmological space time . In the next two subsections we will derive the g tt element of the metric from the geodesic equation in two different methods, which are really equivalent, but we want to present both to give the possible instructor some alternatives, or to present both.
We allow our usage of the geodesic equation, because this subject does not involve a high level of complexity as compared to the development of the Einstein's equations, and it can be derived from the from the principle of least action of the particle trajectory, the action being the proper time along the trajectory of the particle in a certain given metric. Starting from the interval
we integrate over dτ and by using a monotonic variation parameter σ on the particle tra-
from here applying the principle of least action we find the geodesic equation
with Γ µ αβ known as the Christoffel symbol (or connection)
remember that Γ µ αβ is not a tensor, but the sum of the two terms in the geodesic equation is a vector.
1st Method: Non -Relativistic limit
The following method starts by a simple exchange of derivatives
to the x i part of the equation LHS:
and using the geodesic equation, the RHS can be re written as,
now equating both sides
We continue this derivation by ordering in terms of
, by taking the following limit
to derive the Newtonian limit we only consider the first term, since this is the term that dominates in the limit of very small velocities,
in the above we have used that g ij is in zero-th order approximation equal to δ ij , since the deviations from Minkowski space-time should be indeed very small. By demanding even for the small deviations to vanish at infinity, i.e. that asymptotic limit of the metric is exactly
Minkowski space-time lim r→∞ g tt = −1 then by comparing with the Newtonian force law of universal gravity,
we simply solve
2nd Method: Metric perturbation
The following method starts with taking two assumptions :
1. The metric is static with a symmetric perturbation
2. Non-relativistic limit
We now return to the geodesic equation
writing the equations for the spatial part
by demanding the asymptotic limit lim r→∞ g tt = −1, we once again comparing (26) to Newtonian force law of universal gravity as in the previous sub-section
As we mentioned before, the two methods are equivalent, but the first method gives us
some idea of what terms we are dropping when doing our approximations, while the second method does not.
IV. FINDING grr
The grr of the metric in the outside static region in our case, has been the "elusive component", this component has not been calculated using matching to a Newtonian cosmology previously, here we will show that this is possible. In this section we will find grr using the assumption that we have a co-moving observer satisfying r = constant. We will also assume that inside and at the boundary of the dust ball the radius evolves asr = rR(t), where R(t)
is determined by (10). We also assume that forr > rR(t) the motion is on a radial geodesic and the metric is of the form
we labelled the timet because it may not be the same coordinate as the t in the dust ball and the g tt component was found in the previous section. Notice that we assume that the external metric is time independent.
A radially falling geodesic, meaning that θ = const and φ = const, is fully described by the conservation of energy that results from that the metric outside is assumed to be static.
The geodesics are derived from the action
The equation with respect tot is
This gives us
where γ is constant and dτ is the proper time.
Notice that since the spatial coordinates in the space dx i = 0 we get
giving us
Using (30) and (31) we obtain
As we have seen, the consistency of the matching of the two spaces requiresr = R(t)r, furthermore, we assume that even the boundary of the dust shell free falls according to a co-moving observer, which means that the FLRW coordinate r = constant and this allow then to solve for A(r),
We now use (3) and get
Simplifying this and expressing in terms ofr we get
If we take the limitr → ∞, we see that A(r) → −(γ 2 − 1)/kr 2 . Asymptotic flatness would require A(r) → 1.
The metric component A(r) is free of singularities (real singularities, not coordinate singularities) and preserves its signature (one time and three spaces)and is asymptotically flat only if
Notice that above the condition,(40) k = 
which indicates that this choice has a good physical basis. Finally, all of this gives us
Reproducing the Schwarzschild spacetime.
V. FINDING THE GEOMETRIC INTERPRETATION OF THE NEWTONIAN COSMOLOGY
The main aim of this section is to show that for the geometric parameter defining the FRW space coincides with the Newtonian Energy in k found from the interpretation of the
Newtonian cosmology and to demonstrate that k = κ. The definition of the cosmological metric with homogeneity and isotropy does not invoke any equation for gravity, not Einstein's or otherwise. Here for simplicity we follow an intuitive approach, although the same can be derived with mathematical rigour using the theory of symmetric spaces.
We start defining a 3-sphere by considering first an embedding four dimensional Euclidean Space with metric
then we define the 3-sphere as the sets of points (x, y, z, w) which satisfy the constraint
then it is said to form a three -sphere S 3 . That is, we will take the space part of our cosmological solution to have positive spatial curvature κ > 0 therefore topologically spatial slices have the topology of S 3 . Solving for w from the above constraint and inserting into the expression for dl 2 defining r 2 = x 2 + y 2 + z 2 , z = rcosθ, x = rsinθcosφ and y = rsinθsinφ, we obtain the metric of the 3-sphere,
to obtain the physical space time, that is the line element in FLRW Space, we add time and a scale factor that multiplies the 3-sphere, we obtain,
So our infinitesimal line element in FRW space becomes,
We assume again that that we have a co-moving observer which satisfies r = const. Independently of that, in the FLRW space we can use everywhere (not just at the boundary) the barred radiusr = R(t)r, which means r =r R(t) .
Usingr is what corresponds to what is called "curvature coordinates", studied extensively in cosmology by Gautreau 6 . This yields
Putting this in (35), we've
Now, we make a transformation t = t(t,r), so infinitesimal change in time
squaring,
Under these circumstances, the infinitesimal line element becomes
Now, we have to eliminate the cross terms, so
This gives
=rṘ ) value
Forr = R(t)r it yields
In the last section we derived also what this metric component should be,
Since from Newtonian cosmology , we know that
Therefore,
where we have used first that M = Oppenheimer-Snyder collapse model shows 7 . Here we have gone about this problem in the opposite way, showing that the matching of these two spaces imposes severe constraints that allows us to derive Schwarzschild space in the outside and determine that the newtonian constant of integration k has to be the spatial curvature of the internal FLRW internal space, all of this without using Einstein's equations.
VI. CONCLUSIONS
In this paper it has been found that matching a dust ball, whose dynamics is governed by the Newtonian cosmology equations, containing a constant of integration k, to an external static space-time, where
where
, forces A to have a very special form. Assuming either asymptotic flatness, or absence of signature change, we uniquely obtain
Finally the same matching to the internal FLRW space
forces the geometrical parameter κ that appears in FLRW to coincide with the constant of integration k, used in the Newtonian Cosmology. These results are of interest at least in two respects, one from the point of view of its pedagogical value of teaching General Relativity without in fact using Einstein's equation and second, the fact that some results attributed to General Relativity can be obtained without using General Relativity indicates that these results are more general than the particular dynamics specified by General Relativity. Although some generalizations are possible. like the possibility of introducing a cosmological constant in Newtonian Cosmology, as discussed in Bondi's book 5 , we could in this way , through matching to of this cosmology to an exterior stationary space obtain Schwarzschild -deSitter space, but ee do not expect that an approach of this type will be able to give all results of GR, for example, certainly not the gravitational waves or the Kerr solutions.
Finally an interesting question is whether our derivation holds only in the weak field approximation or not. Notice that indeed in parts of our arguments we have used the weak field approximation, like when we derived the 0 − 0 component of the metric, then on this basis, we derived the rr component by a process of matching to the internal collapsing ball of dust. But if we take the point of view that we trust the metric of the collapsing dust beyond the weak field approximation, the situation will be different, in this case our derivation could have validity beyond the weak field approximation, this is a question to be studied. One should also point out that in GR, as far as the post-Newtonian approximation 7 is concerned, the corrections to the the 0 −0 component of the metric appear at the same other as the first corrections to the r − r components, so it is in a sense puzzling that the r − r component has been more elusive to find by a simple derivation, as compared to the case of the 0 − 0 component. 
